We study buoyant displacement flows in a plane channel with two fluids in the long-wavelength limit in a stratified configuration. Weak inertial effects are accounted for by developing a weighted residual method. This gives a first-order approximation to the interface height and flux functions in each layer. As the fluids are shearthinning and have a yield stress, to retain a formulation that can be resolved analytically requires the development of a system of special functions for the weight functions and various integrals related to the base flow. For displacement flows, the addition of inertia can either slightly increase or decrease the speed of the leading displacement front, which governs the displacement efficiency. A more subtle effect is that a wider range of interface heights are stretched between advancing fronts than without inertia. We study stability of these systems via both a linear temporal analysis and a numerical spatiotemporal method. To start with, the Orr-Sommerfeld equations are first derived for two generalized non-Newtonian fluids satisfying the Herschel-Bulkley model, and analytical expressions for growth rate and wave speed are obtained for the long-wavelength limit. The predictions of linear analysis based on the weighted residual method shows excellent agreement with the Orr-Sommerfeld approach. For displacement flows in unstable parameter ranges we do observe growth of interfacial waves that saturate nonlinearly and disperse. The observed waves have similar characteristics to those observed experimentally in pipe flow displacements. Although the focus in this study is on displacement flows, the formulation laid out can be easily used for similar two-layer flows, e.g. co-extrusion flows.
Introduction
Our motivation for this work comes from our recent and ongoing studies of densityunstable buoyant miscible displacement flows along inclined pipes and channels. Although we have recently investigated density-stable displacement flows (see Alba, K. Alba, S. M. Taghavi and I. A. Frigaard Taghavi & Frigaard 2012) , the main focus of our studies has been the density-unstable configuration where a heavy fluid pushes a less-dense fluid downwards along the duct; see Taghavi et al. (2009 Taghavi et al. ( , 2010 Taghavi et al. ( , 2011 Taghavi et al. ( , 2012b and Taghavi, Alba & Frigaard (2012a) . Whereas displacement flows in vertical pipes and channels may exhibit some degree of symmetry, once any significant inclination from vertical (β) is introduced there is a strong tendency for the fluid layers to stratify, with the heavier fluid layer advancing along the lower side of the pipe or channel, i.e. as a gravity current superimposed on the mean flow.
In general, our interest lies in those practical flow scenarios for which the molecular Péclet number is very large, which occur widely in industry. In these flows the fluids do not mix significantly on the time scale of the flow, unless there is some form of flow instability to drive the mixing. In Taghavi et al. (2010 Taghavi et al. ( , 2011 Taghavi et al. ( , 2012b , considering flows at small Atwood number (At = (ρ H −ρ L )/(ρ H +ρ L )) in duct inclinations that are close to horizontal, we have observed many flows for which viscous effects dominate in balancing buoyancy and for which the fluid streams remain laminar and separated over long times. In the same studies we have also observed flows in which inertia is significant leading to local instability and mixing at the interface. Taghavi et al. (2012b) present a comprehensive description of the parameter space of viscous and inertial displacement flows, for isoviscous Newtonian fluids at high inclinations. The same overall description appears at least qualitatively valid if we consider fluids with modest viscosity ratios and shear-thinning fluids, see Taghavi et al. (2012a) .
Broadly speaking in the flows we have studied, instabilities and inertial flows have been observed in three main regimes: (i) beyond a critical ratio of axial buoyancy stress to viscous stress; (ii) beyond a critical ratio of inertial (V t ) to viscous (V ν ) velocity scales (at lower mean displacement velocitiesV 0 ); (iii) due to the usual shear-flow turbulent transition at high Reynolds numbers. The first of these is studied at length in Taghavi et al. (2011) . The second of these is the limitV t cos β/V ν > 50, identified by Seon et al. (2005) in studying exchange flows (V 0 = 0). More recently we have turned our attention to displacement flows in less inclined pipes. As β is decreased the axial component of the buoyancy force increases and the stabilizing transverse component decreases. As for the exchange flow counterparts reported by Seon et al. (2004 Seon et al. ( , 2005 Seon et al. ( , 2006 Seon et al. ( , 2007a , we have also observed a broad range of flows varying from structured laminar viscous streams through local instability/mixing to complete transverse mixing with axial dispersion. Qualitatively this is also the picture presented by Sahu et al. (2009) , who computationally studied displacement flows with large Atwood numbers in inclined channels. Although we associate reduced inclination β with inertial instability, it must be noted that this depends strongly on the buoyancy and viscous forces present. In considering purely vertical ducts Debacq et al. (2001 Debacq et al. ( , 2003 observed a full range of exchange flows, from laminar to turbulent, whereas more geophysically oriented studies at low Reynolds number report viscousdominated flows which often exhibit evolution away from symmetry, e.g. Stevenson & Blake (1998) , Huppert & Hallworth (2007) and Beckett et al. (2011) The aim of our study is to develop tools appropriate for the identification and analysis of instability in the above flows and over a range of different fluids. In particular, we are interested in non-Newtonian fluids described by the Herschel-Bulkley fluid model. These fluids have a yield stress, below which the rate of strain is zero and also exhibit shear-thinning behaviour. The common situation is one in which the interface elongates during the displacement, due to both the mean flow and buoyancy. We are interested in exploiting this long, thin aspect ratio of
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511 the flow to reduce the dimensionality of the problem. Two-layer thin-film/lubrication models have been developed by Taghavi et al. (2009 Taghavi et al. ( , 2012b and used to predict the front velocity in displacement flows for both pipes and channels. However, inertia is absent at leading order in such models and must be included in any realistic analysis of instability.
Asymptotic methods and simplified modelling approaches have a long history of application. In the contexts of environmental and geophysical flow, two main strands of research are relevant. First, coming from the inviscid direction, the shallow-water equations have been used extensively in studying wave dynamics. Here viscous effects typically enter only in the specification of a drag law and in modelling the axial dissipation. As we consider non-Newtonian fluids the precise nature of the viscous terms is of importance. Second, researchers have taken classical thin-film/lubrication theory models and attempted to extend them to (weakly) inertial flows. It is this latter approach that we adopt.
Rather than consider stratified pipe geometries, for simplicity we consider only a two-layer channel flow. The usual approach is to apply scaling arguments to eliminate extensional stress terms and simplify the transverse momentum balance. If inertial terms are also small this leads to a conventional thin-film approach. Retaining the inertial terms produces the boundary layer equations which are simpler than the full Navier-Stokes system and faster to solve numerically, but have the same dimensionality. On assuming a particular form for the streamwise velocity profile, integrating the momentum equations across the fluid layer(s) leads to a system of one-dimensional (1D) equations (e.g. Shkadov 1967 ).
More recently, Ruyer-Quil & Manneville (1998 , 2000 have proposed a methodology that is intermediate between the boundary-layer approach and the integral approach of Shkadov (1967) . In place of an assumed form of velocity profile, a more general series approximation is postulated. Instead of satisfying the axial/streamwise momentum equation pointwise they multiply by a weight function and integrate across the fluid layer, setting the residual to zero. On assuming different degrees for terminating the series (reducing the degrees of freedom), different orders of approximation ensue. This weighted residual methodology has been extended to two-layer thin-film flows in channels and pipes by Amaouche, Mehidi & Amatousse (2007) and Mehidi & Amatousse (2009) and used to study channel co-extrusion flows by Alba, Laure & Khayat (2011) . In Taghavi et al. (2012b) we have used the derivation of Amaouche et al. (2007) in working with isoviscous Newtonian fluid displacements.
Some authors have worked on non-Newtonian flow problems of this genre. Balmforth & Liu (2004) develop an integral approach for thin film flows of Herschel-Bulkley fluids, focusing on evolution of the interface and the yielded layer thickness. Amaouche, Djema & Bourdache (2009) derive a Shkadov-type model for a power-law fluid thin-film flow. Very recently, Amaouche, Djema & Abderrahmane (2012) and Ruyer-Quil, Chakrabortya & Dandapata (2012) have extended the weighted residual approach to thin-film flows of shear-thinning fluids. In both cases the authors propose special treatment of the low-shear-rate limit close to the interface in order to avoid the singularity in the viscosity.
Here we develop a general framework for two-layer flows of non-Newtonian fluids within a plane channel. We assume that each fluid layer consists of a Herschel-Bulkley fluid. The spirit of our derivation follows that of Amaouche et al. (2007) in that our weighted residual approach is aimed at a first-order accurate prediction of the interface height and fluxes in the two fluid layers (see § 3). Unlike Newtonian fluids the base flows are generally not polynomials given in terms of the transverse coordinate y, slaved to the interface height h. Thus, the more elaborate expansions to higher-order, found in e.g. Amaouche et al. (2007) , are hard to write down in simple terms. In any case, there are considerable complications at an algebraic level to deal with. Note that if the weighted residual approach does not result in a reduction in dimensionality with resulting evolution equations that can be evaluated algebraically, then there may be little gain computationally over solving the boundary-layer equations numerically. As we shall see below, this can be achieved but involves developing a systematic calculus for the integral functions that must be evaluated. The development of this algebraic framework is the objective of the first part of this paper. In the second part we consider the stability of these flows, first comparing against long-wavelength Orr-Sommerfeld results for parallel flows and then examining displacement flows numerically (see § 5). Note that although our interest is in studying displacement flows, the formulation developed in this paper can be easily used for similar two-layer flows, e.g. co-extrusion flows.
Displacement flow in channel
The starting point for the model is a fully two-dimensional plane channel miscible displacement flow in the immiscible large Péclet number limit. In general it will be assumed that the displacing fluid (fluid H) is heavier than the displaced (fluid L), so that the configuration is density unstable (see figure 1) . The Navier-Stokes equations are made dimensionless using the channel heightD as length scale and the mean displacement velocityV 0 as velocity scale. The model equations are
1)
Here e g = (cos β, − sin β) in directions (x, y) and the ± refers to the heavy/light fluid layers, respectively. The mean static pressure gradient has been subtracted from the pressure before scaling. The interface height is denoted by y = h(x, t). For t > 0, no-slip boundary conditions are satisfied at the solid walls and outflow conditions imposed at the channel exit. At the inflow, pure heavy fluid is pumped at mean velocityV 0 . Apart from the angle of inclination β and Atwood number,
, two other dimensionless parameters appearing in (2.1) are the Reynolds number, Re, and the (densimetric) Froude number, Fr:
Hereν is defined using the mean densityρ = (ρ H +ρ L )/2 and a viscosity scale that will be derived from the rheological properties of the pure displacing fluid (fluid H). We see that for small At the flow is essentially governed by the three parameters β, Re and Fr. A dimensionless combination of these that arises naturally in thin-layer flows is
which represents the balance of axial buoyancy stresses and viscous stresses due to the imposed flow.
. Schematic of displacement geometry. Note that dimensional notations are used in the figure and the interface shape is illustrative only.
Constitutive equations considered
The fluids are assumed to be Herschel-Bulkley fluids, which incorporate also the simpler Bingham, power-law and Newtonian models. Herschel-Bulkley fluids are described by three (dimensional) parameters: a fluid consistencyκ, a yield stresŝ τ Y and a power-law index n. Dimensionless constitutive laws for pure fluid k arė
where the strain rate tensor has componentṡ 8) and the norms of these tensors,γ (u) and τ k (u), are defined bẏ
Here, subscripts k = H, L are used to distinguish the fluids. The parameter κ H = 1 and κ L is the viscosity ratio m, equal to
whereμ L is a viscosity scale for fluid 2 (the less dense fluid). Note that in the case of two Newtonian fluids,μ k =κ k . The Bingham numbers B k are defined as
For each fluid we shall work with two viscosity functions η k and η k,t , defined as
12)
K. Alba, S. M. Taghavi and I. A. Frigaard The first of these is the effective viscosity (often called the apparent viscosity). The second of these is referred to as the tangent viscosity. Both viscosity functions are used practically in interpreting flow curves (rheograms) of viscometric flows (see e.g. Schramm 1981) . Simply put, the flow curve τ =γ η k (γ ), defines η k for generalized Newtonian fluids, while η k,t = dτ/dγ is the viscosity measured as the tangent to the flow curve. The tangent viscosity also arises naturally in problems involving perturbations of shear flows of generalized Newtonian fluids: it is the difference between effective and tangent viscosities that gives a measure of the shearinduced anisotropy present in linear stability problems (see Nouar, Bottaro & Brancher 2007) . For shear thinning fluids the tangent viscosity is always less than the effective viscosity. These viscosity functions arise naturally in the analysis below.
Parallel-flow solution
For any h ∈ [0, 1] we are able to find a parallel two-layer solution of (2.1)-(2.3): 15) with boundary and interface conditions The pressure field P p is defined by the modified pressure gradient f p via 18) up to an arbitrary additive constant. For any of the fluids that are not Newtonian, the problem (2.14)-(2.17), is nonlinear. Since there is a single non-zero component of the strain rate and deviatoric stress, the constitutive laws are given in terms of simple algebraic relations. The approach taken to solve these equations by Taghavi et al. (2009) is to define the shear stresses τ H,xy and τ L,xy in each layer, in terms of f p and the interfacial stress τ i . A single monotone equation is then derived for the interfacial velocity, by integrating outwards from each wall, and this equation is solved iteratively to give τ i . In an outer iteration, we find the modified pressure gradient f p , such that (2.17) is satisfied (the flow rate increases monotonically with f p ).
Although iterative, this procedure is relatively quick and convergence to any given tolerance can be guaranteed. Note that the solution computed in this way includes f p . We consider the rheological parameters (m, n H , n L , B H , B L ) as fixed for any such computation. The main parametric dependency therefore is on (h, χ), and we write
(2.19) shows further examples for (h, χ ) = (0.5, 0). The lower fluid is Newtonian and the upper fluid is a power-law fluid. For decreasing n L we observe that the upper-layer velocity increases, at the expense of that in the lower layer. This is a due to shearthinning. The light fluid velocity profile also becomes increasingly plug-like, although there is in fact always a single maximum. We now introduce some notational shorthand that will become useful for the algebraic manipulations later in the paper. Let us suppose that we have iterated to find τ i and f p for a parallel-flow solution that is defined by parameters (h, χ). The shear stresses vary linearly across each fluid layer and can be defined most simply by the values at the ends of each layer:
To make the algebra more compact, we will denote the positive part of a function v(x) by the notation (v(x)) + , i.e.
Note that the strain rate of the parallel-flow solution, sayγ 0 is given in fluid k bẏ 23) and the velocity gradient in fluid k is
24)
K. Alba, S. M. Taghavi and I. A. Frigaard where m k = 1/n k . To construct the solution (and various other quantities of importance) we need to integrate this type of quantity across the fluid layers. To deal with these expressions in a systematic fashion we define the following integral expressions:
These functions can be evaluated directly for p > −1. The basic method involves change of the independent variable from y to τ k,xy after which the integrals become tractable. This methodology is commonly used in calculating hydraulics quantities for generalized Newtonian fluids. Later we shall also integrate these functions and various products of these functions over the intervals [0, h] 30) and note that the parameters τ i and f p have been computed in such a way that the velocity is continuous at the interface
2.3. Long, thin flows Our paper focuses wholly on flows that have a long, thin aspect ratio. Accordingly, it is assumed that after an initial time the flow develops axially over a length scale δ −1 1. For example, the heavier fluid slumps towards the lower side of the channel and elongates axially with the two fluids separated by a single interface, y = h(x, t). For now we simply regard δ as an arbitrary small aspect ratio, assume that the channel is effectively infinite and adopt a lubrication/thin-film type rescaling: 31) where the initial interface is centred at x = x 0 . The overall aim is to derive a perturbation approximation. We start with a general expansion:
which we insert into the equations of motion and expand to order δ. We do not include h in this expansion as we shall anyway assume that the interface position is accurate to first order in δ. We follow the usual thin-film/lubrication practice of eliminating the
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517 pressure by integrating the y-momentum equations:
where f 0 (ξ, T) + δf 1 (ξ, T) is the modified pressure gradient along the bottom wall of the channel. Insertion into the x-momentum equations gives the following equations valid to first order in δ:
within the heavy layer, y ∈ (0, h). Within the light fluid layer, for y ∈ (h, 1) we have
Note that the effects of buoyancy are felt in the two terms involving χ . The first of these (χ ) is the effect of the axial buoyancy force whereas the second models the transverse buoyancy force, which manifests through the slope of the interface. This second term may be of the same order as the first. For example, we might assume that spreading of the interface, relative to the mean flow, is driven by buoyant stresses which have size (ρ H −ρ L )ĝ sin βD, which act via the slope of the interfaceD/L, and that these are balanced by viscous stresses, leading to
see e.g. Taghavi et al. (2009) . This situation is most likely in strongly inclined channels. Both fluids are incompressible and the interface is advected via a kinematic condition:
No-slip conditions are satisfied at each wall and the net flux of fluid along the channel is equal to unity, due to scaling with the mean flow: Taghavi and I. A. Frigaard Combining the incompressibility condition with the kinematic condition, we arrive at the standard thin-film equation:
2.4. Standard thin-film approach The standard thin-film approach now considers the formal limit Re fixed as δ → 0 in which both inertial and first-order viscous and pressure gradient perturbations vanish. The term involving the slope of the interface may be retained at leading order (usually according to the inclination of the channel), as discussed above. We note that in this formal limit, (2.34) and (2.35) reduce considerably. The leading-order velocity is defined by a system analogous to that of the parallel-flow solution in § 2.2. In the notation of § 2.2, we have
The flux function q is given simply by
In general, from (2.29) we can evaluate
Algebraic expressions evaluating the terms above are described fully in the online supplementary appendices. We see that the standard thin-film approach yields the evolution (2.40), with q given semi-analytically. This equation has been studied extensively by Taghavi et al. (2009) .
Weighted residual approximation
We wish to develop simplified equations for our zeroth-order perturbation in such a way that it approximates certain flow quantities to first order. It is clear that achieving a first-order approximation to local quantities is unlikely with the zeroth-order terms alone. Instead we aim to approximate certain integral quantities to first order: namely the interface height and the volumetric fluxes of the individual fluid layers. Consistent with this objective, we have not expanded h in terms of δ, as only leading-order terms occur. Now we see that if the leading-order solution U 0 is to give a first-order accurate approximation to h via the evolution (2.40), we require that
Equally, since the net flux of U 1 is zero we have also the constraint that
The motivation for studying (2.34) and (2.35) is that they contain the leading-order effects of inertia, at first-order in δ, but are far simpler than a fully two-dimensional
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519 Navier-Stokes system. The challenge is to retain this leading-order inertial effect without the additional complexity of computing the first-order perturbation solution, i.e. (U 1 , V 1 ) and f 1 . The idea of the weighted residual method is to determine weight functions, g H (y) and g L (y), such that when we multiply (2.34) by g H (y) and (2.35) by g L (y), then integrate across the two intervals and sum, the first-order terms that involve (U 1 , f 1 ) should vanish, leaving behind terms that represent evolution of the leading-order inertial terms.
Determining which terms should vanish is not decided by the size of the terms (e.g. formally the inertial terms are also first order), but is determined by the criterion of closure and solvability of the residual equations. For example, the term (δχ tan β(∂h/∂ξ )) depends only on zeroth-order variables and there is consequently no need for this to vanish. Equally, we have seen that this term may in some circumstances be of zeroth order, in strongly inclined channels.
The above requirements help to define the weight functions. Explicitly, we require
Note that f 1 does not vary with y. On integrating by parts we have
From the perturbation expansion of the usual conditions of continuity of velocity and stress at the interface, we may expect that the first-order perturbation satisfies
as well as U 1 vanishing at the two solid walls. For the weight functions g H (y) and g L (y) we impose equivalent conditions: (3.9) which ensure that the boundary terms in (3.4) vanish. To complete the specification, we define g H (y) and g L (y) as the solutions of the following boundary value problem:
) with boundary and jump conditions (3.6)-(3.9). The constant a ∈ [0, 1] is again uniquely determined by the condition that
(3.12)
Observe that the first two terms in (3.4) now vanish due to the definition of g H (y) and g L (y) in the above boundary value problem, combined with the individual flux conditions, (3.1) and (3.2). The final pressure gradient term also vanishes due to (3.12). The choice of constants −a and 1 − a, on the right-hand sides of (3.10) and (3.11), first normalizes the weight functions and second (via (3.12)) ensures that the flux of g H is positive and that of g L is negative. We shall deal below in § 3.3 with solution of (3.6)-(3.12).
3.1. Velocity closure To progress with (2.34) and (2.35), we must assume a functional form for the leadingorder velocity, U 0 . To this end we assume that the leading-order shear stress in each fluid layer varies at most linearly with y at each (ξ, T). Thus, we assume that the two-layer flow satisfies the equations: 14) plus no-slip conditions at the walls and continuity of velocity and shear stress at y = h. Note that this is not very different in form from the multilayer weighted residual approach of Amaouche et al. (2007) , who assume a quadratic form for the velocity, i.e. solving for the base flow from (3.13) and (3.14) for two Newtonian fluids would also lead to quadratic expressions in y. Once the boundary and interface conditions are implemented in Amaouche et al. (2007) there is also only a single free variable, equivalent to b(ξ, T). The point is that for the more complex fluids considered here, parallel-shear-flow velocities are not typically polynomial in y and it would be incorrect to use a polynomial expression as the first term in an approximation to the velocity. Instead the form of closure (3.13) and (3.14) corresponds to that of the parallel-flow solutions in § 2.2. Just as in the standard thin-film approach of § 2.4, where the leading-order velocity is slaved to the interface height h, in the weighted residual approach the leadingorder velocity is slaved to both h and a second primary variable. The choice of primary variables that has been made for Newtonian fluid combinations is (h, q) (e.g. Amaouche et al. 2007; Alba et al. 2011; Taghavi et al. 2012b) . There is nothing wrong with that choice here, but it is more natural to work with (h, b) as our primary variables, i.e. due to the velocity closure (3.13) and (3.14). In the appendix of Taghavi et al. (2009) it is shown that q increases monotonically with b, so that (h, b) is formally equivalent to (h, q). Use of (h, q) is possible, but would entail the additional (computational) evaluation of the mapping b → q which is time consuming in numerical implementation. For Newtonian problems this mapping would be linear and there is essentially no computational penalty of working with (h, q).
Therefore, as velocity closure, for any value of (h, b) we formally compute the parallel-flow solution described in § 2.2; U 0 and f are uniquely determined as
Note that in this way f is also slaved to (h, b) and has the physical meaning of a leading-order modified pressure gradient, although it is not necessary that f = f 0 . However, if we wish to resolve the limit Re → 0 consistently in our approximation, we need to base our velocity closure on the form of the solution found in the thin-film limit. Consistency as Re → 0 is found provided that
This solution has been discussed in § 2.4.
Weighted residual equation
An evolution equation for b(ξ, T) is needed, to couple to (2.40) for h(ξ, T). We multiply (2.34) by g H (y) and (2.35) by g L (y), integrate across the two intervals and sum the expressions. Owing to the chosen form of weight functions, the terms involving (U 1 , f 1 ) vanish. Substituting (3.13) and (3.14) for the leading-order shear stresses leads to a term (f 0 − f ) in each of (2.34) and (2.35), which also vanishes due to (3.12). The remaining expressions in the residual equation are
Note that we have used integration by parts and the continuity equation to eliminate V 0 . Since U 0 is uniquely determined by (h, b), equation (3.17) can be regarded an evolution equation for b(ξ, T), of the form
where
( 3.23) 3.3. Calculating the weight functions and terms in the residual equation (3. 18) The weight functions are defined by the problem (3.6)-(3.12). Unlike the Newtonian problem, the tangent viscosity functions that appear in (3.10) and (3.11) depend on the local rate of strainγ 0 . This means that the weight functions will depend on b as well as h. At first glance the problem (3.6)-(3.12) appears to be just as formidable as computing U 0 (y). However, in fact the weight functions can be determined analytically from the zeroth-order solution U 0 (y), because the problem is linear in g k (y).
First, let us observe that the problem (3.6)-(3.12) for the weight functions is an exchange flow problem for two fluids, with y-varying viscosities given by the tangent viscosities in each layer. Considering (3.8) we denote by τ w,i the common value of the weight function shear stress at the interface, i.e. 24) and now integrate (3.10) and (3.11) out from y = h:
The right-hand sides of (3.25) and (3.26) are linear in y, but η k,t (γ 0 ) ∝γ
, which is not a linear function of y. However,γ n k 0 is a linear function of y, and it therefore appears that the derivatives of g k must mimic the behaviour ofγ 0 in order to satisfy (3.25) and (3.26). In any yielded region of flow,γ n k 0 is proportional to the shear stress, minus the yield stress. This strongly suggests that for k = H, L the quantity
must be a linear function of the shear stress τ k,xy (y), in layer k. By comparing with (3.25) and (3.26) these linear relations are easily determined, leading to
Note that f and τ i are already determined as part of the velocity closure, slaved to (h, b). We therefore have two unknown constants to determine: τ w,i and a. These are effectively an interfacial stress and modified pressure gradient for the weight function problem. These two constants will be determined via (3.7) and (3.12), respectively. First we integrate (3.28) from the lower wall, where we impose (3.6). After some algebra we find
where we define
The advantage of using the function L k,m k is that this combination of the functions J k,m k , J k,m k −1 and I k,m k −1 does not become singular as τ i → τ k . Similarly, we integrate (3.29) out from the upper wall, where we impose (3.9) and find
Equating the two weight functions at the interface, i.e. imposing (3.7), gives one linear equation relating τ w,i and a:
We determine a by satisfying (3.12). For this we need to compute the fluxes of the weight functions. Algebraic expressions for the integrals of the functions I k,p , J k,p and L k,p are given in the online supplementary appendix B. Having eliminated τ w,i , this results in single linear equation for a. The complete solution is given in the online supplementary appendix A. Figure 3 shows examples of the weight functions g H (y) and g L (y) for the same base flow solutions as in figure 2. In figure 3(a) as B L is increased we have seen in figure 2(a) that U(y) → 0 in the upper layer. In this limit we find also that g L (y) → 0, and since the net flux is zero, we also have g H (y) → 0. This flow, when the upper layer is stationary is simply that of a single fluid in a channel of reduced constant width. In this situation, neither h nor b evolves and q = 1, since all of the fluid passes in the lower layer.
In figure 3 (b) we see a progressively plug-like profile for g L as n L decreases, due to the progressively singular tangent viscosity of the base flow. Undulations are evident in g L (y) for n L = 0.75 and n L = 0.5, but are also there for n L = 0.25 if one zooms in. These are physical and can be explained as follows. First we have from (3.26) that
Since the net flux of the weight functions is zero, we may expect a maximum in g H (y) and a minimum in g L (y). The minimum in g L (y) is where τ w,i
If fluid L is shear-thinning (n L < 1) we may also have a maximum in U 0 (y) (see figure 2b ), at which we have η L,t (γ 0 ) → 0. We see that the maximum in U 0 (y) implies a second stationary point of g L (y). At the second stationary point, ∂g L /∂y → 0, but does not generally change sign, which results in an inflection point. Calculation of the various terms in the residual equation (3.18) is described fully in the online supplementary appendix A. An outline of the procedure is as follows. 
Results: displacement flows
Our reduced model consists of (2.40) and (3.18), which determine the evolution of (h, b), providing a first-order accurate approximation to h and the volumetric fluxes in each layer. When furnished with appropriate initial and boundary conditions these equations can model the long-time dynamics of a slumping displacement flow in the weakly inertial regime.
For numerical solution of these equations, we suppose fully developed flows of pure fluid H as ξ → −∞ and of fluid L as ξ → ∞. As initial condition we take a linear profile (h(ξ, 0) = 0.5 − ξ ) separating fluid H and fluid L. The kinematic condition (2.40) is discretized in conservative form, second order in space and first order explicitly in time. It is integrated using a Van Leer flux limiter scheme (see e.g. Yee, Warming & Harten (1985) ) for shock capturing. For the depth-averaged momentum equation (3.18) the same flux limiter scheme has been used. However, equations (2.40) and (3.18) are solved sequentially and we have used updated values for h in the solution of (3.18), making the scheme semi-implicit. Iterations continue up to the desired end time of the computation.
Weighted residual method for two-layer non-Newtonian channel flows
To explore the performance of the numerical procedure we examine convergence with varying spatial mesh step dξ , in figure 5(a) . The results are in full agreement with those presented in Taghavi et al. (2009) as δRe → 0. Computations performed for the rest of the paper use dξ = 0.05. A typical displacement flow computation is shown in figure 5(b) , for the same parameters as in figure 5(a) .
The interface evolution observed in figure 5(b) for δRe = 0 results in a steadily advancing displacement front, stretching out other parts of the interface. At longer times the interface profiles collapse onto a single curve when rescaled with ξ/T, as shown in figure 6(a) . When inertia is introduced we still find the interface evolving to a similarity solution (see figure 6b ), but it can be seen that both the final shape of the scaled interface is different and that inertia delays convergence of the interface to the self-similar profile. It is not only the interface height that approaches a similarity shape. All of the process variables appear to follow the convergence of the interface.
As an example, we plot the volumetric flux q(h, b) in figure 7, for the same flows as in figure 6 . Although convergence to the similarity solution is slower with inertia than without, we have found that the converged solution is well approximated by the solution at T = 10 in all cases examined. Therefore, in order to examine the effects of the different parameters on the similarity shape of the interface, we have simply plotted h(ξ, T) at T = 10 as a function of ξ/T. An alternative to this procedure would be to reformulate (2.40) and (3.18) in terms of h(ξ/T) and b(ξ/T) and try to compute directly. However, this procedure is rather complex. In the self-similar profiles presented in e.g. figure 6 (b), note that a vertical segment of h(ξ/T) simply indicates a part of the interface advancing at constant speed and not a shock. In the thin-film/lubrication limit of δRe = 0 shocks only arise for the pure advective case, where the slope of the interface is neglected. Normally, in the frontal region of the propagating interface the diffusive term h ξ ξ (due to gravitational spreading) is active in smoothing the interface; see the discussion in Taghavi et al. (2009) . We suspect that there is similar gravitational spreading here, when inertia is present. Figure 8 presents general effects on displacement for a range of parametric variations, all for fluids with no yield stress (B H = 0, B L = 0). Inertia is usually found to result in marginally faster interface speeds of the leading displacement front (of the order of a few per cent); see figure 8(a). In Taghavi et al. (2012b) we have shown that an inertialess lubrication/thin-film model under-predicts the front velocity measured in our experiments by a similarly small amount. Together with the faster frontal speed, the front height is lower and h(ξ/T) generally appears more rounded with inertial effects than without. Note that the small difference in h(ξ/T), evident above, are amplified in the h(ξ, T) representation, so that it is incorrect to assume that, e.g., inertial effects are negligible.
The effects of viscosity ratio are shown in figure 8(b,d) . If the displaced fluid L is less viscous m < 1 we observe that the front height is higher and the front speed is slower, meaning that the displacement is more effective. On the other hand, for m > 1 the front moves more rapidly through fluid L and displacement efficiency is reduced. The effects of buoyancy manifest through χ (figure 8c). For a positive value of χ buoyancy pushes fluid L backwards against the mean flow. A negative value of χ would correspond to displacing uphill, where buoyancy forces act to push fluid L in the same direction as the mean flow. Perhaps intuitively, front height increases and the displacement becomes more effective as χ is decreased. Figure 8(d) shows the effects of positive χ with viscosity ratio. Here for m = 0.08 we observe two frontal regions. At low viscosities the buoyancy is becoming increasingly effective at retarding the light fluid layer, which competes against the positive effects of the viscosity ratio. Figure 8 (e,f ) show the effects of varying the two power-law indices. The effects are fairly intuitive and can be understood as a viscous effect. Smaller n k shear-thins fluid k, which reduces the effective viscosity. Parameters that reduce the viscosity of the displacing fluid with respect to the displaced fluid also result in faster and lower fronts, reducing the displacement efficiency, e.g. reducing n H . Reducing n L improves the displacement efficiency.
Further examination of the effects of varying inertia (δRe) is presented in figure 9 for two Newtonian fluids of different viscosity ratio. In the absence of buoyancy (figure 9a,b) we see faster interface speeds of the leading displacement front, lower frontal heights and less efficient displacement. However, there are ranges of parameters at larger χ for which inertia apparently can reduce the speed of the leading displacement front, albeit marginally, as illustrated in figure 9(c,d) .
Stability of two-layer flows
One of the main motivations for using the weighted residual approach is that it has proven effective in predicting long-wavelength instabilities for weakly inertial thin film flows ( Here we explore whether this effectiveness carries over to multilayer non-Newtonian fluid flows. First we make a comparison between a linear stability analysis of the weighted residual approach for a uniform layer and that for a parallel two-layer shear flow, leading to an Orr-Sommerfeld formulation. Second, we use the weighted residual approach to study the stability of various scenarios, including those that result during displacements.
Weighted residual method stability of a parallel flow
The governing equations of the weighted residual method are (2.40) and (3.18), which model evolution of (h, b). To compare with a more classical Orr-Sommerfeld approach we carry out a linear stability analysis of a uniform steady solution:
A constant uniform solution of (2.40) and (3.18) is also a two-layer parallel solution of the full Navier-Stokes system, as has been described in § 2.2. Any h 0 ∈ [0, 1] may be considered, but steady constant b 0 must satisfy
Recall that χ gives the ratio of viscous forces to buoyancy forces (along the channel). The base velocity U 0 and modified pressure gradient f 0 then coincide exactly with the parallel-flow solution, i.e.
with P 0 (x, y) = P p (x, y; h 0 , χ ) defined from (2.18). The same base solution is used for the Orr-Sommerfeld analysis to follow. In order to be able to compare directly with the results of the Orr-Sommerfeld analysis, we need to adopt the same length and time scales, which necessitates a rescaling of both time T and axial distance ξ with δ. Using the Leibnitz integral rule we transform the kinematic condition (2.40) into ∂h ∂t
Note that ∂U 0 /∂h and ∂U 0 /∂b have been computed in evaluating the terms in (3.18). The rescaled residual equation takes the form
Note that the coefficients A k and C k are linear in δ, so that (5.4) is independent of δ. As is usual, we assume a linear perturbation:
and substitute (5.5) into (5.3) and (5.4), retaining only linear terms:
Note that all algebraic functions above are evaluated at the steady (h, b) = (h 0 , b 0 ). We now assume a modal form for the linear perturbations, periodic in x, so that
where h and b are constants. Substituting (5.8) into (5.6) and (5.7) leads to a dispersion relation that is quadratic in c:
If the imaginary part of c is positive, the flow is linearly unstable. Although we can find c for any wavenumber α, for the values we have tested the sign of the imaginary part of c is determined by the long-wavelength limit, and in any case we wish to benchmark the solution against the log-wavelength Orr-Sommerfeld solution.
The long-wavelength analysis (α → 0) is made by expanding c, h and b with respect to α 1:
This gives at leading order b 0 = 0 and
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We note that c 0 is real. At first order we find that c 1 = c 1,R + ic 1,I is purely imaginary, determined by
Note again that this quantity is independent of δ since the coefficients A k and C k are linear in δ.
Orr-Sommerfeld analysis
We consider two-dimensional linear perturbations to the two-layer base flow discussed at the start of § 5.1 above. Perturbed solutions are assumed to have the form u = (U 0 (y), 0) + (ũ,ṽ), p = P 0 (x, y) + p, h = h 0 + h and we retain only terms linear in . The two-dimensional velocity field can be represented by means of a stream function, i.e. (ũ,ṽ) = (Ψ y , −Ψ x ). We cross-differentiate the linearized momentum equations to eliminate the pressure, and assume the following modal form for the linear perturbation:
In any layer in which the base flow is yielded we have the following linear stability problem:
The linear operator L has the following form in fluid k: 16) where D ≡ d/dy and Re k = Re(1 ± At) in heavy and light fluids, respectively. Apart from the base velocity, the other functions appearing above are the effective viscosity η k (γ ) and the tangent viscosity η k,t (γ ); see (2.12) and (2.13). These are both evaluated using the strain rate of the base flow:γ = |DU 0 |.
Boundary and interface conditions
The boundary conditions for ψ may depend on the nature of the fluid and base flow. The simplest case is when both fluid layers are fully yielded (e.g. two power-law fluids). The boundary conditions on the walls are
The fluids are both yielded at the interface, which may itself deform. Interface evolution is governed by the following kinematic equation: 18) which contributes directly to the eigenvalue problem. Coupling between the fluid layers is governed by the linearized conditions of continuity of velocity and stress:
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Note that we neglect surface tension. Assuming thath = 0, we may eliminateh from the above. However, doing this leads to c appearing quadratically in (5.22). Alternatively, settingh = 0 allows us to study the shear modes directly. If one or more of the fluids has a yield stress, the linear stability problem can only be posed in layers for which the fluid is yielded (see e.g. Frigaard, Howison & Sobey 1994; Frigaard & Nouar 2003) . If such a layer is bounded by an unyielded plug layer within the fluid layer then the unyielded plug layer is not accelerated by the flow. If the yield surface is at y = y y the boundary conditions are ψ = Dψ = 0, y = y y .
(5.23)
It may also happen that at least one fluid is unyielded at the interface. Neglecting borderline cases, this implies that the boundary of that layer cannot deform. If one of the fluids is unyielded at the interface (5.18)-(5.22) are replaced in that fluid layer by:
In all cases where we have a layer bounded by unyielded fluid, the stability problem in that layer is completely decoupled from the behaviour of other fluid layers. As our main purpose in developing the Orr-Sommerfeld analysis is validation of the weighted residual approach, we do not investigate these more complicated scenarios.
5.2.2. Long-wave limit, α −→ 0 We shall assume the two fluid layers are yielded everywhere and consider a perturbation with wavelength much larger than the channel width. We develop a regular perturbation expansion in powers of α for ψ,h and c:
On inserting this expansion into (5.15) and into conditions (5.17)-(5.22), on separating powers of α we find:
(i) at leading order:
(ii) at first order:
33)
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Both leading-and first-order problems can be solved (formally at least) in terms of integral expressions involving the functions I k,p and J k,p . The details of the solution are given in the online supplementary appendix C. Equation (5.32) gives the leading-order eigenvalue:
where A p and τ pi are two real constants determined from two linear equations. We see that c 0 is always real, as is (ψ 0 /h 0 ). The first-order problem has a similar structure to the leading-order problem and is also solved formally in the online supplementary appendix C. The main observation is that c 1 = c 1,R + ic 1,I is purely imaginary.
Comparisons with the Orr-Sommerfeld analysis
We have computed solutions of both the long wavelength Orr-Sommerfeld problem and the weighted residual stability equations. We have benchmarked our results against those of Sahu et al. (2007) , who look at the linear stability analysis of a two-layer system (with the upper layer being a Newtonian fluid and the lower layer being a Herschel-Bulkley fluid). The main assumption in their work is that the yield-stress layer is always yielded (i.e. low Bingham number). Figure 10 (a) shows typical agreement obtained for a Newtonian-Newtonian case between weighted residual method, Orr-Sommerfeld analysis and Sahu et al.'s results. Evidently the results are indiscernible, apart from a small numerical error. A number of authors have considered the linear stability of a two-layer power law fluid channel flow, using the Orr-Sommerfeld equation (e.g. Khomami 1990; Su & Khomami 1991; Pinarbasi & Liakopoulos 1993) . The results of our long-wavelength Orr-Sommerfeld analysis compare qualitatively well with these studies. Unfortunately however, no tabulated values are given in Khomami (1990) , who considers the long-wavelength problem. We have tried to compare quantitatively with the tabulated values in Su & Khomami (1991) and Pinarbasi & Liakopoulos (1993) , who benchmark their numerical codes against results from the long-wavelength analysis of Khomami (1990) . However, the comparison is impossible to make from the parameters given in these papers as the authors have used a mix of dimensional and dimensionless parameters, as well as having different scaling than in Khomami (1990) .
With these benchmarks lacking, we have resolved the Orr-Sommerfeld problem directly in the long-wavelength limit and made comparisons directly between Orr-Sommerfeld and weighted residual predictions. We have found that the prediction of the leading order c 0 is the same for both the Orr-Sommerfeld and the weighted residual approach for all model parameters that we have tested. The stability of the 
Stability results
One form of analysis that allows for nonlinear evolution is to nonlinearly perturb both the kinematic condition (2.40) and depth-averaged momentum equation (3.18) about a uniform steady solution (h 0 , b 0 ), but track the evolution of the instability by solving (2.40) and (3.18) numerically. This approach has been used by Alba et al. (2011) and Taghavi et al. (2012b) , and a similar approach is adopted here. As an initial condition we assume 41) typically for an amplitude A * = 0.05. We integrate (2.40) and (3.18) until T = 10 and compare the amplitude of the perturbation with the initial amplitude to determine instability or otherwise.
An example of this is shown in figure 11 for isoviscous Newtonian fluids at two different values of χ , at h 0 = 0.8. In both cases the initial waveform disperses axially as it propagates. For χ = 0 (figure 11a) the amplitude decays, whereas for χ = 40 ( figure 11b ) the amplitude grows. Larger χ promotes a backflow, which we have observed experimentally is generally destabilizing; see Taghavi et al. (2011 Taghavi et al. ( , 2012b . A backflow implies an inflection point in the velocity profile, often associated with inviscid inertial instability. A precise explanation for our experimental observations is still lacking. Figure 11 (c,d) show the corresponding spatiotemporal diagrams of figure 11 (a,b) respectively. In these diagrams, the height of the interface perturbation is translated into a greyscale line, which evolves with time. This captures together both spatial and temporal aspects of the evolution. We see that the wave propagates at a speed that is approximately given by c 0 from the linear stability analysis (evaluated at h 0 ). The speed of propagation of disturbances is given by the inverse of the slopes in the spatiotemporal plot, and we have marked the speed corresponding to c 0 with the broken white line. Note that the propagation speed is typically different from the velocity at the unperturbed interface.
Results of the linear stability analysis for isoviscous Newtonian fluids are shown in figure 12(a) as marginal stability curves for different h 0 . These results agree with those in Taghavi et al. (2012b, figure 20a) , which have been computed using the (h, q)-formulation of the weighted residual method for Newtonian fluids, whereas figure 12(a) uses the (h, b)-formulation developed here. The spatiotemporal stability computation outlined earlier can be repeated successively over broad parameter ranges and compared with the linear stability results. This has been done in figure 12 (b) and we see that spatiotemporally stable flows are found where the linear analysis predicts. A large part of our motivation in studying these flows comes from displacement flows. As we have seen in § 4, at long times a typical displacement consists of an advancing leading front potentially followed by trailing front(s). The advancing fronts maintain constant height and speed, and all other interface heights are progressively stretched as the displacement continues, eventually aligning with the channel. Therefore, there is a range of h for which the stability analysis is likely to be increasingly relevant as the displacement progresses. The effect of inertia is quite subtle here. If we compare figure 5(a,b) , we see that the rounding of the front shape with increasing inertia (δRe) results in a wider range of h that are stretched along the channel and vulnerable to instability, even though the effect on the leading front velocity may be small. Figure 13 shows the results of an inertial displacement flow of two iso-viscous Newtonian fluids at δRe = 10, plotted as a spatiotemporal diagram. For this, we represent the interface height h(ξ, T) at each T as a greyscale vector, which is then plotted at successive T. In figure 13 (a) (χ = 20) there is no evidence of instability: the elongation of the interface takes place mostly for h > 0.6 for which figure 12(a) suggests stability. In contrast for χ = 60, figure 12(a) suggests instability at all interface heights. In figure 13(b) we observe the evolution of streak-like wavy patterns during the displacement over a range of larger h, also reflecting those heights for which the interface is elongated.
It is worth noting that in the computation of figure 13 no artificial initial perturbation is introduced. In considering this as a parallel-flow instability, the source of initial perturbation comes from a combination of (a) the slope of the evolving interface; (b) numerical error. While (a) is clearly physical, (b) is spurious. Nevertheless, once instigated the propagation and growth of the perturbation waves to saturation amplitudes is physical. Allied to this, we have found that construction of plots such as figure 12(b) are not particularly sensitive to the perturbation amplitude A * . We are simply triggering a linear instability, which is then propagated nonlinear via the numerical solution. We have seen in figure 11 that the wavespeeds are well represented by the celerity c 0 , computed from the linear analysis. There is full agreement in c 0 computed from either the weighted residual or Orr-Sommerfeld approaches. We expect that the saturation amplitudes are controlled by the nonlinear aspects of the weighted residual model, which account for inertia in an averaged sense. Thus, the weighted residual computations have the potential to accurately represent instabilities of the underlying Navier-Stokes system. Having said this, as with all thin-film/lubrication methods, it is necessary to verify a posteriori that the model conditions are not violated. For example, unstable growth of a perturbation can lead to a solution with large interfacial gradients, which come to violate the model assumptions in reaching size δ −1
. Whether or not this happens depends partly on dispersion effects and the saturation amplitude of the perturbation.
Newtonian fluids with a viscosity ratio
In figure 14 we explore the effects of viscosity ratio on marginal stability of inertial Newtonian-Newtonian flows, at a fixed h 0 = 0.5. We observe that the viscosity contrast progressively destabilizes, reducing the value of δRe required for instability at each χ . Effects are more evident at low χ . Figure 15 contours in the (δRe, m)-plane the critical values of χ above which linear instability arises. We can observe that for a significant range of viscosity ratios the critical χ values are negative. Also observe in figure 15 that many contours become parallel at large δRe. This is linked to the asymptotic behaviour of the marginal stability curves as δRe = ∞. We have seen both here and in figure 12 that for fixed h 0 there can be a critical value, say χ s , at which the marginal stability curves asymptote to δRe = ∞, i.e. for χ < χ s the flow is linearly stable for all δRe. This critical value of χ s can be computed directly for Newtonian fluids, although algebraically complex (see (4.18) in Taghavi et al. (2012b) for m = 1).
Shear-thinning effects
We are also able to use the weighted residual stability analysis for non-Newtonian multilayer flows. Figure 16 shows marginal stability curves for increasing degree of shear-thinning in either fluid H or L, while the other fluid is Newtonian. This figure is produced at m = 1 and for h 0 = 0.5, with marginal curves plotted in the (χ, δRe)-plane. Recall that increasing χ induces backflow in the upper layer (fluid L), but that we also have a unit mean flow in the positive direction. Two interesting features of our displacement flow experiments reported in Taghavi et al. (2010 Taghavi et al. ( , 2012a are that in different situations an increase in the mean flow velocity can result in either stabilization or destabilization. These dual effects are illustrated in two sequences of experiments illustrated in figure 6 of Taghavi et al. (2012a) , which showed the results of water-xanthan displacement flows. Although a geometrically different situation is studied here, we can produce qualitatively similar effects with our weighted residual model. An example is shown in figure 17 . Physically, as we increaseV 0 we vary both δRe and χ (increasing and decreasing, respectively). If one of the fluids is shear-thinning, then we might also see a change in effective viscosity which (via the viscosity scales adopted) can further affect m, χ and Re. Here we assume only fluid H to be mildly shear-thinning (n H = 0.85), freeze m and examine only the main effects on δRe and χ. we observe instability in figure 17(a). As the imposed flow rate is increased the backflow is reduced and finally eliminated: the flow stabilizes. This phenomenon was first observed in Taghavi et al. (2010) and is more thoroughly discussed in Taghavi et al. (2011 Taghavi et al. ( , 2012a . The sequence in figure 17(c,d ) at m = 10 shows the opposite effect, i.e. increasingV 0 leads to interfacial instability due to the viscosity contrast and at sufficiently large δRe. Here the reduction in χ is stabilizing but competes against increasing δRe.
Bingham fluids
In dealing with Bingham fluids, we should note that although the weighted residual and Orr-Sommerfeld analyses agree in their predictions of both c 0 and c 1 , we are restricted to base flows for which there is a single yielded layer. In the Orr-Sommerfeld context multiple yielded layers are dealt with successively, while assuming that the plugs remain rigid. For the weighted residual approach, the weight functions adapt to unyielded regions, so it may be that the underlying evolution model is still valid. Thus, the likely cause of any failure of this model is related to the stability analysis, which simply has not been developed for these situations. Examples of computed marginal stability boundaries are given in figure 18 , plotted in the (χ, δRe)-plane for Newtonian-Bingham multi-layer flows. In figure 18 (b) we observe some strange profiles in the marginal stability curves at large χ. These are related to strong buoyancy forces inducing backflow in the base velocity profile. Figure 19 shows a selection of base velocity profiles for B L = 0.5, h 0 = 0.5 and χ = 40, 55 and 70. As χ increases, first a stationary residual wall layer is developed (somewhere just above χ = 40), followed by a progressively strong backflow. The backflow is associated with the non-monotone profiles in the marginal stability curve.
The parameters χ 40 and B L = 0.5 lie in the range of validity of our model and stability analysis. The results of two displacement computations are given in figure 20 for δRe = 3 and two values of χ . For small χ we observe a clean stable displacement. The inset of figure 20(a) shows the interface profile at T = 7.5. In figure 20(b) (at χ = 40) we see slight instabilities close to the propagating front. The marginal stability curve in figure 18(b) indicates linear instability at h 0 = 0.5.
Summary and conclusions
In this paper we have developed an analytic framework for applying the weighted residual method to two-layer channel flows of Herschel-Bulkley fluids, giving a firstorder accurate approximation to the interface thickness and volume fluxes in each layer. This has necessitated the construction of special functions to evaluate the For the heights greater than this value the static layer is about to form due to the decrease in shear rate within light layer.
various integral expressions that arise. The base variables that it proves convenient to formulate the equations in terms of are the interface height h and a buoyancy parameter b. There is a one-to-one correspondence between b and the volumetric flux in the lower layer q. We have developed a stability analysis for our weighted residual evolution equations and made a comparison with the corresponding Orr-Sommerfeld results in the long-wave limit. Both the celerity and growth rate are predicted accurately by the weighted residual method. One restriction in the present stability analysis concerns yield stress fluids in the case where we have an unyielded plug. The Orr-Sommerfeld approach here considers only the yielded fluid layers, whereas the weighted residual averages over the entire layer. In the case that the unyielded plug is adjacent to the interface, studies of viscoplastically lubricated flows (e.g. Alba, S. M. Taghavi and I. A. Frigaard uniform-layer flow is rendered stable as the interfacial mode is 'frozen in'. Thus, in this case the Orr-Sommerfeld and weighted residual methods will give different predictions. Clarifying the physical reasons behind this discrepancy and consideration of other multilayer situations with unyielded plugs requires further study, which for reasons of brevity we have postponed.
We have used the weighted residual model to examine instabilities in displacement flows. As the displacement front progresses and the interface elongates between fronts moving at different speeds, we observe the growth of dispersive waves at the stretched interface over ranges of heights that the linear analysis predicts to be unstable. These waves move with a range of speeds given approximately by the celerity. The form of the observed instabilities computed numerically from our model are qualitatively similar to those we have observed experimentally, although of course quantitatively different due to the different geometries. This lends confidence to a further study of the onset and propagation of instabilities using this type of model.
Future directions in this work include the extension of the stability analysis to Bingham fluid flows with unyielded plug regions, closer examination of power-law regimes and extension to core-annular geometries. In the latter case the type of analysis developed here may be effective in studying instabilities such as the inverse bamboo instabilities of Gabard (2001) and Gabard & Hulin (2003) 
